Distributions

1 Discrete Distributions

1.1 Bernoulli and Binomial

The Bernoulli distribution is the simplest case of the Binomial distribution, where we only have one trial
(n = 1). Let us say that X is distributed Bern(p). We know the following: A trial is performed with
probability p of “success”, and X is the indicator of success: 1 means success, 0 means failure.

Let us say that X is distributed Bin(n,p). We know the following: X is the number of “successes” that
we will achieve in n independent trials, where each trial is either a success or a failure, each with the same
probability p of success. We can also write X as a sum of multiple independent Bern(p) random variables. Let
X ~ Bin(n,p) and X; ~ Bern(p), where all of the Bernoullis are independent. Then X = X;+Xo+...+X,,.

1. PMF, MGF, mean and variance of X ~ Binom(n, p)
(a) PMF:

(b) MGF: Mx(t) = [(1 —p) + pe']"
(c) Mean and Variance:
E[X] = np, Var(X) =np(1 - p)
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Figure 1.1: Bernoulli PMF (left) CDF (right)

2. Additive property
If fori =1,2,...,k, X; ~ Binom(n;, p), then Zle X; ~ Binom(z:f=1 N, D)

3. Random sample X;,..., X,, ~ Ber(p) where p is target parameter: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

(e) MLE p = %22;1 X;
4. Conjugate prior of p?
X|p ~ Binom(n, p)
p ~ beta(a, B).
Posterior distribution p|(X = x) ~ beta(a+ > i, z;,n+ B — Y 1| ;)
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5. Related Distributions
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Figure 1.2: Bernoulli and Binomial related distributions

(a) If X ~ Ber(p) then Y ", X; ~ Bin(n,p)
(b) Poisson and Normal Approximations

i. Poisson Approximation (Casella example 2.3.13): for large n and small np, Binom(n, p) LN
Pois(X),where A = np.
ii. Normal Approximation (via CLT): % follows approximate Normal distribution with mean p

. 1—
and variance %.

(c) Indicator Function - I,c4(z) ~ Bern(p) where p = P(z € A), and sum of n i.i.d indicators
(support A) “Bin(n,p).

6. Example problems and key steps
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1.2 Poisson

Let us say that X is distributed Pois(X). We know the following: There are rare events (low probability
events) that occur many different ways (high possibilities of occurences) at an average rate of A occurrences
per unit space or time. The number of events that occur in that unit of space or time is X.

1. PMF, MGF, mean and variance of X ~ Pois())

(a) PMF:
A=A
fla) = =5
r=0,1,
A>0

(b) MGF: Mx (t) = exp(A(e! — 1))

(¢) Mean and Variance:
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Figure 1.3: Poisson PMF (left) CDF (right)

2. Random sample X7,..., X, ~ Pois(\) where X is target parameter: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

n
(a) Exponential family form: 1_[1 [zt e ™ exp (Y1, @ log )
1=

(b) Minimal sufficient and complete statistic: > ., X;

)
(c)
(d) UMVUE: 1 " X,
(e) MLE A = 17 X;

Fisher information: %

3. Conjugate prior of \?
X|A ~ Pois())
A ~ Gamma(a, f)

Posterior distribution \|(X = z) ~ Gamma(a + Y, @i, TH_%)
B

Note, above is if Gamma pdf is written as f(z) = Wmo‘_le_%

If Gamma pdf is written as f(x) = %zo‘*le’w then posterior distribution is written as A\|(X = z) ~
Gamma(a + Y1 z;,n+ )
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4. Related Distributions
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Figure 1.4: Poisson and related distributions

(a) Additive property
i, For X; "™ Pois();), then 3 | X; ~ Pois(3-F_, \))
(b) Relation to Binomial distribution
i. If X ~ Pois(\;) and ¥ ~ Pois(\,) and they are independent, then X|X +Y = n ~
Binom (n, )\T’\T”)\/)
(¢c) Normal Approximation (via CLT)
i. If X ~ Pois(\) then Z = X—\E‘ 4 N(0,1) for n — o0

5. Example problems and key steps
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1.3 Negative Binomial

Let us say that X is distributed NBin(r,p). We know the following: X is the number of “failures” that we
will have before we achieve our rth success. Our successes have probability p.

1. PMF, MGF, mean and variance of X ~ NegBinom(r,p)

(a) PMF
fo = (" -

x
z=0,1,..n

O<p<1

(b) MGF: MX(t) = (1_(17%17)61,) 5 t < —lng

(c) Mean and Variance:
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Figure 1.5: Negative Binomial PMF

2. Additive property
Iffori=1,2,....k X; ind NegBinom(r;, p), then Zle X, ~ NegBinom(Z:f:1 75, D)

3. Random sample X1, ..., X, o NegBinom(r, p) where p is target parameter and r is known: exponential
family? sufficient statistic? minimal sufficient statistic? complete statistic? Fisher information?

UMVUE?

(a) Exponential family form: H (vitr= 1) P exp (D1, x;log(1l — p))

1=

(b) Minimal sufficient and complete statistic: ., X;
(c) Fisher information: P g

(d) UMVUE:

p " nr
ii. p": P(X; = 0), B(X, = 0|0, X,), BT, @) = 02
T = Ix, )(XZ) where E(T) = P(X; =1) =p". Let S >i, X, and consider E[T'|S] (Rao
Blackwell).

i.

t(s—t—1\, r—t 1—p)s—T 51— .
EmﬂEEHSQP%jgﬁufmfz é_;é!ﬁjisUMWE

r—1

4. Conjugate prior of p?
X|p ~ NegBinom(r, p)
p ~ beta(a, ).
Posterior distribution p|(X = z) ~ beta(a + nr, B+ 31| ;)
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5. Related Distributions
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Figure 1.6: Negative Binomial and related distributions

(e) If X ~ NegBinom(r,p) for r = 1, it becomes geometric distribution with succss probability p

(f) With p = 75, with X ~ NegBinom(r, ;25 ), then X % Pois()) for r — co.

6. Example problems and key steps
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1.4 Geometric***

Let us say that X is distributed Geom(p). We know the following: X is the number of “failures” that we
will achieve before we achieve our first success. Our successes have probability p.
Number of Bernoulli trials before a success. (Negative binomial with r = 1)

1. PMF, MGF, mean and variance of X ~ Geom(p)
(a) PMF:

i. z trials before first success:
fl@)=p(1—p)*~*

rz=1,2,..
0<p<l1

ii. x failures before first success:

flx) =p(1—p)*
r=0,1,2,..;
O0<p<l1
(b) CDF:
i. x trials before first success: F(t) =1— (1 —p)t, t=1,2,...
ii. z failures before first success: F(t) =1— (1 —p)'t! t=0,1,2,...

(¢) MGF: Mx(t) = (=455 ) » ¢ < —log(1 =)
(d) Mean and Variance:

E[X] = %, Var(X) = % for f(z) =p(1—p)*~ 1, 2 =1,2,..

EX]= 1%’, Var(X) = % for f(z) =p(1—p)*, =0,1,2,...
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Figure 1.7: Geometric PMF (left) CDF (right)

2. Random sample Xi,..., X, o Geom(p) where p is target parameter: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

(a) Exponential family form: (ffp)n exp (31, @ilog(l —p)) for f(z) =p(l—p)*~ !, z=1,2,..
(b) Minimal sufficient and complete statistic: > ., X;
(c) Fisher information: 20
(d) UMVUE
i %: Z?;l Zifor f(z) =p(1—p)* L x=1,2,..
ii. 1%1’: ETL:T”” for f(z) =p(1l —p)*, =0,1,2,...

(n-1)
(n—1+3" )
n—1) _ oo n—1 n+k—1 n—1) (n+k—1)!
b ((n( 1+nX)) - Zk:O (n(flJr)k)( k )p ( ) Zk 0 (’I’E 1+k) (n—1)Tk! p (1 p)k
oo n+k o] n—
Sy TSR (L= p)F = p o, () T (1 —p)k =p

i. p: >, x; ~ NegBin(n, p) is sufficient and complete, by L-S UMVUE is
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3. Conjugate prior of p?
X|p ~ Geom(p)
p ~ beta(a, §).
Posterior distribution p|(X = z) ~ beta(a+n, 8+ Y 1 x; — n)

4. Related Distributions
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Figure 1.8: Geometric and related distributions

(a) If X ~ Geom(p) then >_._, X; ~ NegBinom(r,p)
(b) If X ~ Geom(p;) and Y ~ Geom(ps) are independent, and Z = min(X,Y"), then Z ~ Geom(1 —
[1 = pi][1 = pa])

5. Example problems and key steps
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1.5 Hypergeometric

In a population of M desired objects and N undesired objects, x is the number of “successes” we will have in
a draw of K objects, without replacement. The draw of K objects is assumed to be a simple random sample

(all sets of K objects are equally likely).
1. PMF, MGF, mean and variance of X ~ Hypergeometric(N, M, K)

(a) PMF:
() (&)

P(X = a|N, M, K) = ~2\]

(x)

x=0,1,...., K and max(0, K + M — N) < z < min(M, K)
Me{0,1,2,...N},K € {0,1,2,...,N}, N € {0,1,2...}

(N;(M) 2F1(7K77M§N*M7K+1;et)

(b) MGF: Mx(t) = ot
(%)
(¢) Mean and Variance:
BIX] KM Var(X) KM ((N-M)(N-K)
= — ar =
N’ N N(N -1)
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Figure 1.9: Hypergeometric PMF (left) CDF (right)

i.4.d

vy Xy '~ HGeom (N, M, K) where p is target parameter: exponential family?
sufficient, statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?**

2. Random sample Xj,

(a) Exponential family form:
(b) Minimal sufficient and complete statistic: **
(c) Fisher information: **

)

(d) UMVUE:

3. Conjugate prior of p?
X|N,M,K ~ HGeom(N, M, K)

p ~ BetaBin(n, «, §).
Posterior distribution p|(X = z) ~ BetaBin(?)
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4. Related Distributions

1P, N oos =l
~
\

__ﬂ Binomial(n,p) q\—in— Bernouli(p)
// p=M/N , n=k , N oo
— b ~{ Hypergeometric(M,N,K)
p(1-p) , N .

Figure 1.10: Hypergeometric and related distributions

If X ~ Hypergeometric(N, M, K) and p = &

(a) If K =1 then X ~ Ber(p = &)

(b) If Y ~ Bin(n,p) then Y models the number of successes in the analagous sampling problem with
replacement. If N and M are large compared to K, and p is not close to 0 or 1, then X and Y
have similar distributions, i.e. P(X <¢) =~ P(Y <¢).

(c) If K is large and M and N are large compared to K, and p is not close to 0 or 1, then P(X <

)~ ® _z—Kp
Kp(1—p)

5. Example problems and key steps

10
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2 Continuous Distributions

2.1 Continuous Uniform

Let us say that U is distributed Unif(a,b). We know the following: Properties of the Uniform For a
Uniform distribution, the probability of a draw from any interval within the support is proportional to the
length of the interval.

1. PDF, CDF, MGF, mean and variance of X ~ Unif(a, b)

(a) PDF:
1
f(LU) - b —a
a<z<b
aceR,beR
(b) CDF: f(t) = §=¢
a<t<b
acRbeR
bt _at
(C) MGF: MX(t) = 6(17—7(1)75
(d) Mean and Variance:
_a+b _(b—a)?
E[X]—T7 Var(X) = B
f(x)
1
F(x)
1 R
b-a
0 a b X 0 a b X

Figure 2.1: Uniform PDF (left) CDF (right)

2. Random sample X7, ..., X,, ~ Unif(0,b) where b is target parameter: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

Not exponential family
Scale family: the standard distribution is Unif(0, 1) and % ~ Unif(0, 1) (bis the scale parameter)

)
)
¢) Minimal sufficient and complete statistic: X,
) Fisher information:
)

UMVUE: 21X, whose variance is n(siiz)

applicable for this population. (read Casella example 7.3.13)

less than CRLB, indicating C-R inequality is not

3. Random sample X1, ..., X,, ~ Unif(a, b) where a, b are target parameters: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

(f) Not exponential family

(g) Scale family: the standard distribution is Unif(0,1) and 3:=% ~ Unif(0,1) (a is the location
parameter and b — a is the scale parameter)

11
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(h) Minimal sufficient and complete statistic: (X(1), X(n))-

(i) MLE of a is X(;) and MLE of b is X(,,). MLE of § = b —a is 6 = X(n) — X(1) by invariance
property of MLE.

4. Related Distributions

G

a=p=1

X1/(X1+X2)

- A Ln(X)

\

at+(b-a)X a=0,b=1

Weibull(a,b)
Double-Exponential(0,A,\)

Uniform(a,b)

Figure 2.2: Uniform related distributions

(j) If X ~ Unif(a,b) then single order statistics (Casella example 5.4.5): %

(k) If X ~ Unif(0,1), then —Xlog X ~ EXP(\) () is scale parameter)

~ Beta(j,n—j+1)*

(1) Bivariate order statistics (assuming i < j): (M %) ~ Dir(i,j —i,n — j + 1) (Casella

b—a

exercise 4.40 for Dirichlet distribution)

5. Example problems and key steps

12
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2.2 Gamma

Let us say that X is distributed Gamma(a, §). We know the following: You sit waiting for shooting stars,
where the waiting time for a star is distributed EXP(3). You want to see n shooting stars before you go
home. The total waiting time for the nth shooting star is Gamma(n, 3).

1. PDF, MGF, mean and variance of X ~ Gamma(cx, ), o, 8 > 0, 8 is the scale parameter.

(a) PDF:

(b) MGF: Mx(t)=(1—-p6t)" “, t< +

(¢) Mean and Variance:
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Figure 2.3: Gamma PDF (left) CDF (right)

2. Additivity and Scaling

(a) If X; ing Gamma(a;, 8), then Zle X~ Gamma(Zle a;, B)
(b) If X ~ Gamma(c, ) then ¢X ~ Gamma(a, c3)

3. Random sample X1, ..., X, b Gamma(a, 8) where (3 is target parameter and « is known: exponential

family?
UMVUE?

(c) Exponential family form:

e

)
(e)
(f)
)

sufficient statistic?

Fisher information:

no«

5%

(2) UMVUE: L > X,

n

[Tt @@s*) " exp

i=1

minimal sufficient statistic? complete statistic? Fisher information?

(55)

(d) Scale family: the standard distribution is Gamma(a, 1) and % ~T(a,1)

Minimal sufficient and complete statistic: ) | X;

13
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4. Related Distributions

~
w/o H=rA, a2=rA?,

r=n/2,A=2

Chi-squared(n)

XuV: 1)/ (Xa/V2)

— =

X1/(X1+X2)

r—oo ~
p+oX \
Gamma(r?\) "*‘Zm
rmal(0,1) (

Exponential(\)

XA(L

Figure 2.4: Gamma related distributions

(h) If X ~ Gamma(a
(i) Pivot: If X ~ Gamma(x, ), for a =2
)
(k)

)

,B), fora=1, X ~ Exp(ﬂ)

If X ~ Gamma(«x

5. Example problems and key steps

(1) If X ~ Gamma(a, 8), then + ~ InvGamma(c, +

If X ~ Gamma(«, ) and ¥ ~ Gamma(ﬂ,&) are 1ndependent, then Z =

~ Beta(q, 8)

_X_
X+Y

, ), for large a X converges in distribution to N (a3, a3?)

73)

(m) Example You are at a bank, and there are 3 people ahead of you. The serving time for each

person is Exponential with mean 2 minutes.

Only one person at a time can be served. The

distribution of your waiting time until it’s your turn to be served is Gamma(3, 12).

6. Other notes

(n) Gamma is sometimes considered the continuous analog of the negative binomial distribution

14
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2.2.1 Inverse Gamma

If X ~ Gamma(c, 8), then + ~ InvGamma(a, %)

1. PDF, CDF ,MGF, mean and variance of X ~ InvGamma(c, 8), o, 8 > 0, 8 is the scale parameter.

(a) PDF:
_ P (et -2
x>0
a>1,>0
(b) CDF:
L, 2)
N
(a) MGF: DNE
(b) Mean and Variance:
s 8?
FX] = Var(X) = 2
Xl=o=p Vo =G ee =g ¢
5 I B 1
45 [ (x:LB:l — 7 09_ ]
4 = a=2,p=1 —— 0.8 [~ -
3.2 i a=3,p=1 —— | 82 -
25 L oa=3,pB=0.5 ] 0:5 B |
A 1 60// ascbr — 7
15 H - 03 =2,p=1 —— _
1f -4 02 a=3,p=1 =
05 | - 011/ a=3,p=05 ,
0 I 0 L
0O 05 1 15 2 25 3 0O 05 1 15 2 25 3

Figure 2.5: Inverse Gamma PDF (left) CDF (right)

2. Scaling
(a) If X ~ InvGamma(a, ) then ¢X ~ Gamma(a, ¢f) for ¢ > 0

3. Random sample X1, ..., X, i Gamma(a, §) where § is target parameter and « is known: exponential
family? sufficient statistic? minimal sufficient statistic? complete statistic? Fisher information?
UMVUE?

(b) Exponential family form:
T (et [ B” s L
1= (F(a)>eXp< @)

(c) Scale family: the standard distribution is InvGamma(«, 1)
(d) Minimal sufficient and complete statistic: > " | +

i=1 X,
(e) Fisher information: TBD

15



Distributions

(f) UMVUE: TBD
4. Related Distributions

(g) If X ~ Gammal(a, 3), then + ~ InvGamma(a, %)
(h) If X ~ InvGamma(l,c) then + ~ EX P(c)

16
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2.3 Normal
1. PDF, MGF, mean and variance of X ~ N(u,0?)
(a) PDF:
1 (z—p)?
f(g;) = e 202

(b) MGF: Mx(t) = exp( gz;tz>

(c) Mean and Variance:

e 02, =)

2250, =
#=08, =

Figure 2.6: Normal PDF (left) CDF (right)

2. Linearity and additivity

a) If X ~ N(u,0?), then aX + b ~ N(ap + b, a’c?
7 u
(b) If X1 ~ N(u1,0?) and Xy ~ N(uz,03) and X;, X, are independent, then X7 + Xy ~ N(uy +
2 2
p2, 07 + 0F).

3. Population Xi,...,X,, lrlde(u, 02) (u is unknown and o2 is known)

Exponential family form: (2m02)~% exp (—n%) exp (— S 2: ) exp ( Sy xl>
0

Location family: the standard distribution is N(0,03) and X; — u ~ N(0,03).

Minimal sufficient and complete statistic: Y | | X;

Fisher information: 5
0

UMVUE: 1 Y7 X,

Conjugate prior of y ~ N(a,b?)

X|p ~ N(p,03)

p~ N(a, bz)

- 2 2 2 2
Posterior distribution u|(X =) ~ N ((1%2 + %) (Ug_;:be) , (O_§’+‘j§b2))
0 0 0

4. Population X1,..., X, "%*N(0,02) (62 is unknown)

(i) Exponential family form:

(2m0?)™ % exp ( 292 Zaj )

17



Distributions

(j) Scale family: the standard distribution is N(0,1) and X7 ~ N(0,1).
(k) Minimal sufficient and complete statistic: ) ;. , X?

() Fisher information: 577

(m) UMVUE: Ly x?

(n) Conjugate prior of ; ~ Gamma(c, 3)

Xl|o? ~ N(0,0?)

0% ~ InvGamma(c, 3)

Posterior distribution ¢?|(X = z) ~ InvGamma (a + 3, W)

5. Population Xj,...,X, il@dN(u, 02) (u is unknown and o2 is unknown)

(o) Exponential family form:

2 n n
_n 1% 1
(2m0?) ™% exp ( no ) exp (2 E ~ 5,2 E x?)

Minimal sufficient and complete statistic: (}!" | X;, > " | X?)

r) Fisher information: [ = diag(Js, 507)

)
(a)
(r)

(s) UMVUE: (X, S?)
(t) Conjugate prior of u ~ N(a,b?), 0> ~ InvGamma(a, 3) or 25 ~ Gamma(c, 3)

6. Related Distributions

n=1—

— — -A=np, noees

Binomial(n, j—
(n,p) N ZX|

p=M/N , n=k , N—

\ X | S Xi

)\-02 n ~o0

\
Ln(X)
\/ h=np , g*=np(1- B o \[

Lognormal Exp(x)f Normal(y, crz) <«— — gfw— — Beta(a,B)
N

X1/(X1+X2)

X-w/o p_r)\ a2=r\2
r- .
AN
/-( Normal(0,1) )

Figure 2.7: Normal related distributions

(p) Location-Scale family: the standard distribution is N(0,1) and X’iU_“ ~ N(0,1).



Distributions
ii.d n
(w) For X1,... X, “TN(0,1), 5", X2 ~x2
(v) For Xq,..., X, ES N(u,o?):
i X~ N %)
ii. f—; ~ x2_; where $? = L. 5" (X

n—1 i X)Q
iii. X and S? are independent and X u

\/m ~ tnfl
(w) If Z~ N(0,1), Y ~ x2 and they are independent, then X =

z
Y/n
(x) fY ~x2 , Z ~ x2, and they are independent, then X = £ ~ F,, ,,

(y) If X ~ N(u,0?), then exp(X) ~ log N(u,0?)

~t,

(z) If X; ~ N(0,1) and X2 ~ N(0,1) are independent then % ~ Cauchy(0,1)
7. Example problems and key steps
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2.4 Exponential

Let us say that X is distributed EXP(3). We know the following: You’re sitting on an open meadow right
before the break of dawn, wishing that airplanes in the night sky were shooting stars, because you could
really use a wish right now. You know that shooting stars come on average every 15 minutes, but a shooting
star is not “due” to come just because you’ve waited so long. Your waiting time is memoryless; the additional
time until the next shooting star comes does not depend on how long you’ve waited already.

1. PDF, CDF, MGF, mean and variance of X ~ Exp(3), 3 >0

(a) PDF:
fo) = 58
x>0

(b) CDF: f(x)=(1- e_%) 1000 ()
(c) MGF: Mx(t) =(1 - 8t)~*

(d) Mean and Variance:
BIX]=§, Var(X) =

Figure 2.8: Exponential PDF (left) CDF (right)

2. Random sample X7,..., X, ~ Exp(f) where 3 is target parameter: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

(a) Exponential family:

(b) Scale family: The standard distribution is Exp(1) and % ~ Exp(1)

(d) Fisher information:

() UMVUE: 1y X,

)
¢) Minimal sufficient and complete statistic: >, X;
i=1
)

3. Related Distributions

20



Distributions

EXp(-X/\)
M

Exponential(A) ‘i-)\m(x)

Weibull(a,b)

Uniform(0,1)
a+(b-a)X a=0b=1
Uniform(a,b)

Figure 2.9: Exponential and related distributions

Al

Double-Exponential(0,A,A)

1)(XaIV2)
/
P
VX, Voo
1v2) -

If X ~ Laplace(y, %), then | X — u| ~ Exp(5) (Laplace is double exponential)
A1 X7 — A2 X5 ~ Laplace(0, 1)*

If X ~ Pareto(1, ), then log(X) ~ Exp(})

If X; ~ Unif(0,1), then lim nmin(Xy, ..., X,) ~ Exp(1)*

n—oo

Limit of a scaled Beta distribution lim nBeta(1,n) ~ Exp(1)

n—oo

If X ~Exp(A) and X; ~ Exp()\;)

kX ~ Exp (%), closure under scaling by a positive factor*
ke® ~ Pareto (k, \)

e e X ~ Beta(\ 1)

¢ VX ~ Rayleigh (f)

o X ~ Weibull (% )

. NWelbull(% %)
e min(Xy,..., X,) ~Exp(A1, ..., An)
If also A\; = A

) Zle X; ~ Gamma(k, A) or if 5 parameter then ~ Gammal(k, %)*
— X ~ Exp(p) is equivalent to X ~ Gamma(l, 3)
e T=Y"" | X;, then 2\T ~ x3,*
e X; — X; ~ Laplace(0,\71)
If also X; are independent, then

X +X ~ Unif(0, 1)*

o /= i;))g;has pdf fz(z) =

(z+1) This can be used as a confidence interval for 2 —7

If also A = % then X ~ x32, a chi squared distribution with two degrees of freedom, hence*
o Exp()) = 53 Exp(3) ~ 55x3 50 27, Exp(A) ~ g x3*
o If X ~ Exp(5) and Y|X ~ Pois(X) then Y ~ Geom(i35)

4. Example problems and key steps
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(f)

(8)

Example The waiting time until the next shooting star is distributed EXP(4) hours. Here § = 4
is the rate parameter, since shooting stars arrive at a rate of 1 per 1/4 hour on average. The
expected time until the next shooting star is 1/8 = 1/4 hour.

Memorylessness The Exponential Distribution is the only continuous memoryless distribution.
The memoryless property says that for X ~ EXP(\)and any positive numbers s and ¢,

P(X>s+tlX >s)=P(X >t)

Equivalently,
X —al(X > a) ~ EXP())

For example, a product with an EXP(\) lifetime is always “as good as new” (it doesn’t experience
wear and tear). Given that the product has survived a years, the additional time that it will last
is still EXP ().
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2.5 Beta
1. PDF, MGF, mean and variance of X ~ Beta(a, ), a, 8 > 0, «, 8 are shape parameters.
(a) PDF:
T a—1 1— B—1
f(z) = (o +6) 2o 11— z)P1 = (1 —a)P
L(e)T'(B) B(a, 8)
1>2>0
a>0,8>0
(b) Mean and Variance:
« af
EFX|=—— Var(X) =
X a+p ) (a+B)2*(a+B+1)
25
AV N 1 [azp-0s —
: HIEE EEE S
D& PO a=2B=5

5 06

) 1 N 0.4

0.5 0.2

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 2.10: Beta PDF (left) CDF (right)

2. Random sample Xj,..., X, sk Beta(a, ) where o, are target parameters: exponential family?

sufficient statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

(a) Exponential family form:

I(a+B)

exp |(a—1) Zlogxi +(B-1) Zlog(l —z;) +nlog T
i=1

i=1

(a)I'(B)
Minimal sufficient and complete statistic: 7' = (3. log X;, >, log(1 — X;))
Conjugate prior to the Binomial
X|p ~ Bin(n,p)

p ~ Beta(a, b)

Posterior distribution: p|(X = z) ~ Beta(a + z,b+n — z)
For 8 known, the MLE of a ;" log X;

For o known, the MLE of 8 TBD * * * %

(d)
(e)

3. Related Distributions
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\ EENp, gEEnpUep) o
\ 7

Figure 2.11: Beta related distributions

(f) If X ~ Beta(a, 3) then 1 — X ~ Beta(g, «)
(g) Pivot: If X ~ Beta(%, %) with n > 0,m > 0, then n(’lni;XX) ~ F(n,m)

(h) If X ~ Beta(a,1) then —In(X) ~ EXP(«)

(i) Forlarge n,if X,, ~ Beta(na, ng) then \/E(Xn—ﬁ) 4 N(0, ﬁ), or similarly Beta(na, ng) 4
N(z45, @iop)
a+B’ (a+p)

() FX~x%2andY ~ X% are independent, then XL_H/ ~ Beta(g, g)

(k) If X ~ Unif(0,1) and > 0 then X = ~ Beta(a, 1)

(1) If X ~ Unif(a,b) then single order statistics (Casella example 5.4.5): % ~ beta(j,n—j+1)*
(m) If X ~ Gamma(a,f) and Y ~ Gamma(f, 0) are independent, then Z = Xxﬁ ~ Beta(a, 5)*

(n) If X ~ Cauchy(0, 1) then ﬁ ~ Beta(,1)

4. Example problems and key steps
e Determine a minimal sufficient statistic if o« = 20
exp [(25 -3 Jlogz; + (B—1)> 7" log(l —z;) + nlog %}

= exp {Z?:l logz; + (B—1)>1  logz?(1 — z;) + nlog %],
which is exponential family with minimal sufficient statistic Y-, log2?(1 —z;) = 2T} +T» where
T = (3 log X, 3 log(1 — X))

e Determine a minimal sufficient statistic if oo = 52
pa(z) = exp [(62 — 1Ty (x) + (8 —1)Ta(x) + nlog %} use Lehmann Scheffe to show min
sufficient that T'(z) = T'(y)

5. Other notes
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2.6 Log-normal*

In probability theory, a log-normal (or lognormal) distribution is a continuous probability distribution of a
random variable whose logarithm is normally distributed. Thus, if the random variable X is log-normally
distributed, then Y = In(X) has a normal distribution. Equivalently, if Y has a normal distribution, then
the exponential function of Y, X = exp(Y), has a log-normal distribution. A random variable which is log-
normally distributed takes only positive real values. It is a convenient and useful model for measurements in
exact and engineering sciences, as well as medicine, economics and other topics (e.g., energies, concentrations,
lengths, prices of financial instruments, and other metrics).

1. PDF, MGF, mean and variance of X ~ LN (u,0?)
(a) PDF:

(b) MGF: DNE

(¢) Mean and Variance:

A

1.51 D251 t 0.75

os ///4\\\ = [, %

0.0 05 1.0 15 20 25 0.0 0 15 20 25
X X

—.
[} |
i
©
N
w
Q
I\ o
+ 1\

Figure 2.12: Log Normal PDF (left) CDF (right)

2. Multiple, Reciprocal, Power

(a) If X ~ LN(u,0?), then aX ~ LN (p+ Ina,o?) for a > 0
i. If X ~ LN(u,0?), then + ~ LN(—p,0?)
ii. f X ~ LN (u,0?), then If X% ~ LN (au,a’c?)
i If X, ., X 20 LN (i, 02) then YV = [[ Xi ~LN(S. pi, 3. 02)
i=1 i=1 =1
3. Population Xi,...,X, ii&dﬁN(u, 0?) (p is unknown and o2 is unknown)
(a) Exponential family form: ()~ % (2m0?)™ % exp (—n%) exp (L& Y0 logw; — 505 i logx?)

(b) The standard distribution is LN (0,1)
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(¢) Minimal sufficient and complete statistic: ()} | log X;,>" ; log X?)

(d) Fisher information: [ = diag(a—g, %)
s i " .2
(e) MLE /i = M’ 52 iz (log Xi — 1)
n n
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2.7 Weibull*

In probability theory and statistics, the Weibull distribution is a continuous probability distribution. It
models a broad range of random variables, largely in the nature of a time to failure or time between events.
Examples are maximum one-day rainfalls and the time a user spends on a web page.

1. PDF, CDF, MGF, mean and variance of X ~ Weibull(\, k),
(a) PDF:

x >0, A > 0 is scale parameter, k£ > 0 is shape parameter

(b) CDF: f(z) = (1 — e~ (X)) I o0 (2)

n!

(c) MGF: Mx(t) = 20 PP+ 2),k>1

(d) Mean and Variance:

E[X] =1+ %), Var(X) = \?

I+ %) - <F(1 + ]16))2]

2.5
N
1.0

> > > >
[

w

HPRRE
AARR

nEeRo

> > > >
L
ARAR
LU [ ]
[

L reyeyy

PREEe

o
o
=}
[
=
1=}
-
w
N
1=}
N
[

Figure 2.13: Weibull PDF (left) CDF (right)

2. Random sample X7, ..., X;,, ~ Weibull(\, k) where X is target parameter: exponential family? sufficient
statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

k unknown

Not exponential family for A, £ unknown
log f(x) = log(%) + (k — 1)log(%) — (%)"

If £ known

(a) Exponential family form: f(z) = ){C—k (z)"! e~ (xx)"

(b) Scale family: The standard distribution is Exp(1) and % ~ Exp(1)
(c) Minimal sufficient and complete statistic: > ;" | XF

(d) Fisher information: "Tk;
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3. Related Distributions

B

Exponential(\) ik Ln(X)4<

\X“(ll
X1-X2 Q\

Figure 2.14: Weibull and related distributions

M\

o If X ~ Weibull(}, 3) then v'X ~ EXP ()
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2.8 Dirichlet**

In probability and statistics, the Dirichlet distribution (after Peter Gustav Lejeune Dirichlet), often denoted
Dir(e), is a family of continuous multivariate probability distributions parameterized by a vector a of
positive reals. It is a multivariate generalization of the beta distribution, hence its alternative name of
multivariate beta distribution (MBD). Dirichlet distributions are commonly used as prior distributions in
Bayesian statistics, and in fact, the Dirichlet distribution is the conjugate prior of the categorical distribution
and multinomial distribution.

1. PDF, MGF, mean and variance of (X1,..., Xi) ~ Dir(a, ..., ai)
(a) PDF:

i=1
K
I:IIF(OL7) K
B(a) = Trao Where ag :‘—2:1 oy

(b) Mean and Variance:

E[X;] = %é, Var(X;) = L(l*‘f") where @; = %0

o+
(a) Covariance: — "L~ for i # j
* ao(ap+l)

2. Conjugate prior exists but not going to be useful here

3. Related Distributions

(a) For K independent r.v.s Y1 ~ Gamma(ay, f),..., Yk ~ Gamma(ag, 3), we have V :f Y; ~
Gammal(ay, ), X = (X1,..., Xg) = (%, e YTK) ~ Dir(ay, ..., ak) -
4. Example problems and key steps
5. Other notes

(b) Multivariate generalization of Beta distribution
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2.9 Inverse Gaussian*****

The inverse Gaussian distribution has several properties analogous to a Gaussian distribution. The name
can be misleading: it is an "inverse" only in that, while the Gaussian describes a Brownian motion’s level
at a fixed time, the inverse Gaussian describes the distribution of the time a Brownian motion with positive
drift takes to reach a fixed positive level.

Its cumulant generating function (logarithm of the characteristic function) is the inverse of the cumulant
generating function of a Gaussian random variable.

1. PDF, MGF, mean and variance of X ~ IG(u, )

(a) PDF:
2
F(@) =\ g exp [—W}
O0<z<oo
nw>0
A>0

(b) MGF: M (t) = exp [3 (1_ T z&t)]

(c) Mean and Variance:

3.0

N

TEEETE
wenononon
N

~ow=ao

25 4

F(x; u, &)

f(x; w, &)

Figure 2.15: Inverse Gaussian PDF (left) CDF (right)

2. Sum and Scaling

(a) If Xz ~ IG(uowl,Awa) then S :Z Xz ~ IG(MO Z ’wi,>\0(

n
=1 =1 =

w;)?), under condition that
1
Var(X,) _ pgw? _ pd

E(X) — Aow? — Ao 1S constant for all ¢

(b) If X ~IG(p, \), tX ~ IG(tu, tA) for t > 0

3. Population X1,....X,, "“ TG (u, \)

(a) Exponential family form: f(x) = exp [—ﬁx

|
l\')‘y
+
N[
<}
0
>
+
[
—
o
0
DN
3
8
w

+
(b) Minimal sufficient and complete statistic: (
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3

4. Related Distributions
X —p)?
(e) Pivot: If X ~ IG(u,A), then % ~x3
wX
n
(f) If X; ~IG(u, A) then > X; ~ IG(nu,n2X)
i=1

(g) If X; ~IG(u,A) then X ~ IG(p, n\)

n n n 2
= i=1

i=1 i=1
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2.10 Cauchy*

Cauchy is the distribution of the ratio of two independent normally distributed random variables with mean
7€r0.

The Cauchy distribution is often used in statistics as the canonical example of a "pathological" distribu-
tion since both its expected value and its variance are undefined (but see § Moments below). The Cauchy
distribution does not have finite moments of order greater than or equal to one; only fractional absolute
moments exist.[1] The Cauchy distribution has no moment generating function.

1. PDF, MGF, mean and variance of X ~ Cauchy(zo,"); ¢ location parameter, v scale parameter

(a) PDF:

(b) CDF: F(z) = L arctan (%) +1

(¢) MGF: Does not exist

(d) Mean and Variance:

E[X] = undefined, Var(X) = undefined

0.0

Figure 2.16: Cauchy PDF (left) CDF (right)

2. Linearity and additivity

(a) If X ~ Cauchy(xg,7), then kX + ¢ ~ Cauchy(zok + ¢, v|k|)

(b) If X ~ Cauchy(zg,v0) and Y ~ Cauchy(x1,71) are independent, then X + Y ~ Cauchy(zg +
21,7 + ) and X — Y ~ Cauchy(zo — 1,70 + 71)

(c) If X ~ Cauchy(0,7), then % ~ Cauchy(0, )
(d) If Xq,..., Xy, gt Cauchy(0, 1) standard Cauchy distributed, then the sample mean % S X =
X ~ Cauchy(0, 1) is also standard Cauchy.

3. Population X, ..., X,, ~ Cauchy(zg,~) (u is unknown and of is known)*****
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4. Related Distributions

N Xi tw

(Xa/Va)/(XalV:

[SAVIRVEN

Figure 2.17: Cauchy related distributions

(e) If X; ~ N(0,1) and X2 ~ N(0,1) are independent then % ~ Cauchy(0,1)
(f) Cauchy(0,1) ~ ¢(df = 1) Student’s ¢ distribution

(g) CaUChY(:uv 0) ~ t(df:l)(:uv 0)

(h) If X ~ Unif(0,1) then tan(m(X — §)) ~ Cauchy(0,1)

(i) If X ~ Cauchy(zo,7), then + ~ Cauchy(xgiiowz, xg+y2)

5. Example problems and key steps
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2.11 Laplace (Double Exponential)

In probability theory and statistics, the Laplace distribution is a continuous probability distribution named
after Pierre-Simon Laplace. It is also sometimes called the double exponential distribution, because it can be
thought of as two exponential distributions (with an additional location parameter) spliced together along
the abscissa, although the term is also sometimes used to refer to the Gumbel distribution. The difference
between two independent identically distributed exponential random variables is governed by a Laplace
distribution, as is a Brownian motion evaluated at an exponentially distributed random time.

1. PDF, CDF, MGF, mean and variance of X ~ Laplace(u,b); u is location parameter, b is scale

parameter.
(a) PDF:
_ 1 |z — p
f(a) = 5 exp (— . )
—o<r<oo, —o< u<oo,b>0
%exp (m ; M) z< W
(b) CDF: f(z) =
L1 <_H)
5 €Xp b x>
() MGF: Mx(t) = 22U |4 < 1

(d) Mean and Variance:

1 \ .
E T 1 | /ﬁjk
05 4=0,b=1 —— 09
H=0, b=2 —— 08 [
0.4 |- p=0,b=4 ——
p=-5, b=4 0.7 -
03 L | os
05
02 L i 04
0.3 p=0, b=1 ———
o 0.2 p=0, b=2 —— |
p:O, b=4 —
J 0.1 p=-5, b=4
0 ! S 0 [
10 8 6 -4 2 0 2 4 6 8 10 10 -8 6 4 2 0 2 4 6 8 10

Figure 2.18: Laplace PDF (left) CDF (right)

2. Random sample X1, ..., X,, ~ Laplace(u,b) where p,b is target parameter: exponential family? suffi-
cient statistic? minimal sufficient statistic? complete statistic? Fisher information? UMVUE?

(a) Not exponential if b or p unknown. If y known exponential family form: f(z) =
fow (<4 3 boul)
(b) Location-Scale family: The standard distribution is Laplace(0, 1) and % ~ Laplace(0, 1)

(c) Minimal sufficient and complete statistic: ) . | |X; — y
(d) Fisher information: for b =1 I,,(u) = n, for p =0 I,(b) = 15

3. Related Distributions
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mma(r,A)

Exponential(A)

A=2

Weibull(a,b)

A 4

@uble-Exponential(O,A,)\)

Figure 2.19: Laplace and related distributions

If X ~ Laplace(p,b) then kX + ¢ ~ Laplace(ku + ¢, |k|b)
If X ~ Laplace(0,1) then bX ~ Laplace(0, b)

If X ~ Laplace(0,b) then | X| ~ EXP(b1!)

If X ~ Laplace(u, b) then | X — u| ~ EXP(b~1)

If X,Y ~EXP()), then X —Y ~ Laplace(0, \71)

If X1,..,X4 ~ N(0,1) then X;X, — X3X; ~ Laplace(0,1), and (X? — X2 + X§ - X3)/2 ~
Laplace(0, 1)

Pivot: If X; ~ Laplace(u,b) then 237" | |X; — p| ~ x3,*

Pivot: If X, Y ~ Laplace(u,b) then K,(:fj‘l ~ Fho

If X,Y ~ Unif(0, 1) then log(5-) ~ Laplace(0, 1)

If X ~ EXP()) and Y ~ Bernoulli($) are independent, then X (2Y — 1) ~ Laplace(0, A~ 1)
If X ~EXP()\) and Y ~ EXP(v) are independent, then AX — Y ~ Laplace(0, 1)
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2.12 F Distribution

In probability theory and statistics, the F-distribution or F-ratio, also known as Snedecor’s F distribution or
the Fisher—Snedecor distribution (after Ronald Fisher and George W. Snedecor), is a continuous probability
distribution that arises frequently as the null distribution of a test statistic, most notably in the analysis of
variance (ANOVA) and other F-tests.

1. PDF, CDF, MGF, mean and variance of X ~ Fy, 4,
(a) PDF:
(diz)™ dg?
(dlf + d2)d1+d2

B (5.%)

fz) =

—o0o < T <00

(b) CDF: f(z) =1 4. (%4, %)

(¢) MGF: DNE

(d) Mean and Variance:

E[X] = ;%5 for dy > 2, Var(X) = 7{13552@5;‘1@2) for dy > 4

25 ‘ ‘ 1
di=1, d2=1 —
d1=2, d2=1 — | _
2 d1=5, d2=2 — ] B
d1=10, d2=1 —
5 d1=100, d2=100 0.6
1 4 04r d1=1,d2=1 — |
d1=2, d2=1 ——
05 02 d1=5,d2=2 —— _|
b 7 d1=10, d2=1 —
§& d1=100, d2=100
0 ) F‘ 0 | | 1
0 1 2 3 4 5 g : 2 S 4 <

Figure 2.20: F PDF (left) CDF (right)

2. Related Distributions

g
I

Normal(0,1)
Exponential(A)

Chi-squared(n)
(Xu/V1)/(X2/V2)

2

A /
&

VeX, Voo

Nk

Double-Exponential(0,A

Figure 2.21: F and related distributions
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X/d,

If X~ Xﬁl and Y ~ Xi are independent, then Y/ds ~ Fy, 4,
If X}, ~ T'(ag, Bx) are independent, then ngiié ~ Fsy, 20,
If X ~ Beta(%, %) then dlngX) ~F

— Equivalently, if X ~ Fy, 4, then m ~ Beta(%, %2)
If X ~ Fy, g, then Y = lim &1 X ~ 2,

d2500

IfX ~ Fdl,dz then X~ 1 ~ Fd2’d1
If X ~t, then X2~ Fl,na X2~ n,1

If X,Y ~ Laplace(y, b) then 'l);:f;" ~ Fyy
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2.13 Student’s ¢ Distribution

In probability and statistics, Student’s t-distribution (or simply the t-distribution) ¢, is a continuous proba-
bility distribution that generalizes the standard normal distribution. Like the latter, it is symmetric around
zero and bell-shaped.

However, t, has heavier tails and the amount of probability mass in the tails is controlled by the parameter
v . For v = 1 the Student’s t distribution ¢, becomes the standard Cauchy distribution, whereas for v — oo
it becomes the standard normal distribution N(0, 1).

The Student’s t-distribution plays a role in a number of widely used statistical analyses, including Stu-
dent’s t-test for assessing the statistical significance of the difference between two sample means, the con-
struction of confidence intervals for the difference between two population means, and in linear regression
analysis.

1. PDF, CDF, MGF, mean and variance of X ~ ¢,
(a) PDF:

(b) MGF: Undefined

(¢) Mean and Variance:

E[X] =0 for v > 1 otherwise undefined, Var(X) = -%5 for v > 2, oo for 1 <v <2

0.40
0.35} v=l
0.30f —v=2
0.25

< —v=+00

= 0.20 E
0.15} 1
0.10f 1
0.05} 1
0.00 ‘

—v=5

Figure 2.22: Student’s t PDF (left) CDF (right)

2. Related Distributions
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Gamma(r,A)

Normal(0,1)

Figure 2.23: ¢ and related distributions

1.7

Pivot: If Xi,.., X, "% N(u,0?) with sample mean X = =

w2 (Xo = X% then T = S5k ~ ty

Pivot: If Z ~ N(0,1) and U ~ x? are independent, then T =

39

Exponential(A)

Double-Exponential(0,A

n

> Xi

n

and sample variance S? =
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2.14 2 Distribution

Let us say that X is distributed x2. We know the following: A x? is the sum of the squares of n independent
standard Normal r.v.s.

1. PDF, CDF, MGF, mean and variance of X ~ ¢,
(a) PDF:

_k
(b) MGF: (1—-2t)"2 fort < %

(¢) Mean and Variance:

fi(z) Xi Fif=) Xi
k=1
1.0
0.5 —7ig
— k=3
/ 0.8
e — k=4 Pl
— k=6 k=1
s — k=9 e — k=2
— k=3
0.2 0.4 = k=4
P — k=6
0.1 0.2 = %lg
0.0 0.0 3
o 1 2 3 4 5 6 7 817 0o 1 2 3 4 5 6 7 8

Figure 2.24: x2 PDF (left) CDF (right)

zx

{
g

n=2 g

2. Related Distributions

Normal(0,1)

r=n/2,\=2 =1

V=1
- 2Xi / IXI
} Chi-squared(n) )
. ’

(Xu/V1)/(X2/V2)

Exponential(A)

/

o
Ve, Voo Double-Exponential(0,A
=

Figure 2.25: x2 and related distributions

o If Zy, ... Z, "55 N(0,1) then 22 ~ y2 and Q =3 Z2 ~ 2

=1
o If X ~ x2 then as k — oo, X2 % N(0,1) (CLT)

o If X ~ Gamma(a,f), fora =%, =2, X ~x}
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n 23X
If X ~EXP (0),> X; ~Gamma(n,0) and T = -5 — ~ x3,

i=1
If X ~ Fy, 4, then Y = lim d;1 X ~ X?ll

2— 00

If X ~x? and ¢ > 0 then X ~ Gamma(%,2c)

If X ~ 3 then X ~ EXP(1)

IfX ~ X?/l and Y ~ X?,Q are independent, then XLH, ~ Beta(%-, %)
If X ~ Unif(0.1) then —2log(X) ~ v2

If X; ~ Laplace(u,b) then 23" | |X; — u| ~ X3,
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2.15 Irwin-Hall

A random variable with Irwin-Hall distribution is defined as the sum of a number of independent random
variables, each having a uniform distribution. For this reason it is also known as the uniform sum distribution.

n
So, if U; ~ Unif(0,1) and Uy, ..., U, are i.i.d. then X =" U; ~ IrwinHall(n)

i=1
1. PDF, CDF, MGF, mean and variance of X ~ IrwinHall(n)

(a) PDF:

_Jx—k z-k>0

where (z — k) 0 e k<0

(b) CDF: F(z) =4 > (-1)F(})(z— k)1

(c) MGF: Mx(t) = <%>n

(d) Mean and Variance:

2. Example problems and key steps
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